Let GO(2n) be the general orthogonal group scheme (the group of orthogonal similitudes). In the topological category, Y. Holla and N. Nitsure determined the singular cohomology ring H * sing (BGO(2n, C), F 2 ) of the classifying space BGO(2n, C) of the corresponding complex Lie group GO(2n, C) in terms of explicit generators and relations. The author of the present note showed that over any algebraically closed field of characteristic not equal to 2, the smooth-étale cohomology ring H * sm-ét (BGO(2n), F 2 ) of the classifying algebraic stack BGO(2n) has the same description in terms of generators and relations as the singular cohomology ring H * sing (BGO(2n, C), F 2 ). Totaro defined for any reductive group G over a field, the Chow ring A * G , which is canonically identified with the ring of characteristic classes in the sense of intersection theory, for principal G-bundles, locally trivial in étale topology. In this paper, we calculate the Chow group A * GO(2n) over any field of characteristic different from 2 in terms of generators and relations.
Introduction
The Chow ring of the classifying space of a reductive group was introduced by Totaro in [Tot] , where he calculated the Chow rings of the classifying spaces of several finite groups and algebraic groups including O(n), Sp(2n) , etc. Edidin and Graham in [E-G] introduced the equivariant Chow ring. Rojas and Vistoli in [R-V] , using the techniques of equivariant Chow groups, calculated the Chow ring A * SO(n) in case n is even (the odd case was already addressed in Pandharipande [Pan] and Totaro [Tot] ). Holla and Nitsure in [H-N] considered the general orthogonal group GO(n, C), which is also called the group of similitudes, and calculated the singular cohomology ring of its classifying space H * sing (BGO(n, C); F 2 ). In [Bh] , the author of the present paper considered the algebraic version of the above Lie group, namely the general orthogonal group scheme GO(n) over an algebraically closed field of characteristic different from 2, and showed that the smooth-étale cohomology ring H * sm-et (BGO(n); F 2 ) of the algebraic stack BGO(n) has the same description in terms of generators and relations over F 2 as the singular cohomology ring computed by Holla and Nitsure in [H-N] . In this present note, we calculate the Chow ring of the classifying space of GO(n) over a field of characteristic different from 2 in the sense of Totaro [Tot] , using the methods of equivariant Chow groups. By the results of Totaro [Tot] , this ring can be canonically identified with the ring of characteristic classes for principal GO(n)-bundles on smooth, quasi-projective schemes. In other words, the Chow ring of the classifying space of GO(n) is the ring of all intersection theoretical invariants for families of line bundle valued nondegenerate quadratic forms.
Henceforth, all schemes and morphisms are over a fixed field k (not necessarily algebraically closed) with characteristic different from 2. We recall the definition of the algebraic group GO(n) over k. Let V = k n , and let q : V → k be the quadratic form, defined by
for the even case n = 2m, and by
for the odd case n = 2m + 1. Let GO(n) be the affine algebraic group scheme of invertible linear automorphisms of V that preserve the quadratic form q up to a scalar. In terms of matrices, let J denote the nonsingular symmetric matrix of the bilinear form corresponding to q. Then as a functor of points, GO(n) attaches to each k-algebra S the group
The algebraic group GO(n) is reductive, since its defining representation on k n is irreducible. Note that if k ′ /k is a field extension such that the quadratic form q extended to V ⊗ k k ′ = k ′n is equivalent to the quadratic form i x 2 i , given by the identity matrix I n , then over k ′ , the algebraic group GO(n) defined above is isomorphic to the algebraic group GO(n) defined in [Bh] .
The scalar a in the definition determines the character σ : GO(n) → G m that satisfies t AJA = σ(A)J. Given a scheme X, and a principal GO(n)-bundle P on X (locally trivial in the étale topology), consider the rank n vector bundle E associated to the defining representation GO(n) ⊂ GL n , and the line bundle L determined by the character σ. The nondegenerate symmetric bilinear form corresponding to q induces a nondegenerate symmetric bilinear form b :
, which is a triple consisting of a vector bundle E of rank n, a line bundle L and a nondegenerate symmetric bilinear b : E ⊗ O X E → L, we can reduce the structure group of E to GO n by applying Gram-Schmidt orthonormalization étale locally on X.
Let A * G denote the Chow ring of the classifying space of a reductive group G in the sense of Totaro [Tot] . Note that for any n ≥ 1, there is a canonical isomorphism
Note that BG m is approximated by the projective spaces P m k in the sense of Totaro [Tot] , and we have for any smooth scheme X the following natural isomorphisms.
Since BSO(2n + 1) is approximated by smooth schemes, there is the Künneth isomorphism GO(2n+1) . This determines the Chow ring for GO(2n + 1), because A * Gm Z[λ], and the Chow ring for SO(2n + 1) is given by [Pan] and [Tot] . Therefore we are left with the task of calculating the Chow ring only in the even case GO(2n). The rest of this note is devoted to the calculation of A * GO(2n) . In Section 2, we recall Totaro's definition of the Chow ring of a classifying space from [Tot] , and the basic notions of equivariant Chow groups from Rojas and Vistoli [R-V] . In Section 3, we calculate A * GO(2n) in terms of explicit generators and relations over Z. We show, in terms of quadratic triples (E, L, b) , A * GO(2n) is generated by the Chern classes c i (E) and the Chern class λ of L. The nondegenerate symmetric bilinear form determines an isomorphism of vector bundles
This isomorphism gives the following relations among Chern classes of E and the class λ.
The main theorem of this note is Theorem 3.1, which asserts that the ideal of relations in A * GO(2n) is generated by the above relations. When the base field is C, the invariants in A * GO(2n) transform to the corresponding classes in H * sing (BGO(2n), F 2 ) under the cycle map (see Remark 3.2). To prove the main theorem (Theorem 3.1), we first observe that λ and the even Chern classes are algebraically independent in A * GO(2n) . Eventually we focus on the torsion subgroup of A * GO(2n) (which is an ideal) in order to carry out the rest of the proof. The inclusion O(2n) ⊂ GO(2n), where O(2n) is looked upon as the algebraic group of linear automorphisms of k 2n that preserve the quadratic form i x i x i+n , gives rise to a ring homomorphism A * O(2n) . A biproduct of the proof of the main theorem is that this homomorphism determines an isomorphism of the corresponding torsion subgroups.
GO(2n)
→ A *
Basic notions recalled

Chow ring of the classifying space
Totaro [Tot] defined the Chow groups of the classifying space of a reductive algebraic group G as follows. Let N > 0 be an integer. Then there is a finite dimensional linear representation V of G, with a G-equivariant closed subset S of codimension ≥ N such that the action of G on (V − S) is free, such that the quotient (V − S)/G exists in the category of schemes and (V − S) → (V − S)/G is a principal bundle, locally trivial in étale topology. For any such other pair (V ′ , S ′ ), there are canonical
The i-th Chow group A i G of the classifying space of G is defined to be A i V −S G , where (V, S) satisfies the above condition. The isomorphism above shows that A i G is independent of the choice of the particular pair (V, S). The graded group A * G naturally has the structure of a graded ring under intersection product. Note that in the above approach, one defines the Chow ring of the classifying space without referring to a possible classifying space BG whether in the category of algebraic stacks or simplicial spaces.
Equivariant Chow groups
Let X be a scheme on which a reductive algebraic group G acts. Suppose V is a finite dimensional linear representation of G, and S ⊂ V is a G-equivariant closed subset such that the induced action of G on (V − S) is free, with a principal bundle
This definition is independent of the particular choices of V and S. The Chow ring of the classifying space is recovered by taking X to be the point
Suppose G fits into an exact sequence of reductive algebraic groups as follows
Consider the action of G on A 1 by the character χ. The localisation sequence for
)/G can be naturally identified with (A 1 − {0})/H. Therefore the above localization sequence gives an exact sequence
Recall that we have a short exact sequence of reductive algebraic groups
which, by the results of the last section, gives an exact sequence
where λ is the Chern class corresponding to the character σ. Recall that to give a principal GO(2n)-bundle is to give a triple (E, L, b) consisting of a vector bundle E of rank 2n, a line bundle L and a nondegenerate symmetric
which gives the following relations among λ and the Chern classes of E.
Let R be the quotient of the polynomial ring Z[λ, c 1 , . . . , c 2n ] by the ideal generated by the above 2n relations. Let q : R → A * GO(2n) be the ring homomorphism that sends λ to the Chern class of the line bundle defined by the character σ, and c i to the ith Chern class of the defining representation GO(2n) ⊂ GL 2n .
Theorem 3.1. The map q : R → A *
GO(2n) is an isomorphism.
Before giving the proof of this theorem, we make a remark.
Remark 3.2. For a nonsingular variety X over the field of complex numbers, the cycle map is a homomorphism of graded rings cl [Fu] , Chapter 19). By composing with the change of coefficients map H 2 * sing (X, Z) → H 2 * sing (X, F 2 ), we get a homomorphism of graded rings A * (X) → H 2 * sing (X, F 2 ), which we will denote bycl X . If E is a vector bundle on
sing (X, F 2 ), the mod-2 reduced Chern classes. For a reductive group G, this gives rise to a homomorphism of graded rings (see [Tot] ), which is functorial in the group Ḡ The rest of this article is devoted to the proof of the Theorem 3.1, which is the main result of this article. Let us begin by recalling that the map q is surjective. We will prove that it is injective. The plan of the proof is as follows. We will first show that the elements λ, c 2 , c 4 , . . . , c 2n are algebraically independent in A * GO(2n) (Corollary 3.5). Then we prove Lemma 3.6 and Corollary 3.7, which will imply that it is enough to prove the injectivity only for the torsion part. We will complete the proof of injectivity for the torsion part in a few steps. As a concluding remark, we observe (Corollary 3.10) that the torsion subgroup is in fact an F 2 -vector space.
Remark 3.3. Note that for each odd p, we have the following identity in R
In particular, (2c odd )R ⊂ λR. Proof. For a polynomial in B with degree ≤ 1, the image is always non-zero in D, by (1) and (3) of the hypothesis. We will prove the injectivity of φ by induction on the degree, as we know that the injectivity holds in degree ≤ 1. Suppose the injectivity holds for degree < r, and suppose f ∈ B is a homogeneous polynomial of degree r with φ(f ) = 0. We can write f = λ · g + h, where g ∈ B in homogeneous of degree (r − 1), and h ∈ Z[c 2 , c 4 , . . . , c 2n ] is of degree r. By (2), h = 0. Therefore, f = λ · g. Suppose g 0. Since deg(g) < r, by induction hypothesis, φ(g) 0. But since D is a domain, and as by (3) φ(λ) 0, we see that φ(f ) = φ(λ)φ(g) 0, a contradiction, so that g = 0.
Let us consider the invertible 2n × 2n matrix J = (0, I n ; I n , 0). By definition, GO(2n) is the group scheme of invertible matrices A such that t AJA = aJ for some scalar a. Consider the closed subgroup scheme Γ ⊂ GO(2n), consisting of matrices of the following form
. . . (2n) and let B denote the polynomial ring Z[λ, c even ]. Since the composite B → R → A is injective by the corollary, the map B → R is also injective. Hence we might consider B ⊂ R as well as B ⊂ A. We will denote the torsion ideals of R and A by T R and T A , respectively. Lemma 3.6. For any a ∈ R, there is some s > 0 such that 2 s a ∈ B. Similarly, for any a ∈ A, there is some s > 0 such that 2 s a ∈ B.
Then Γ is a maximal torus in GO(2n). The inclusion Γ ⊂ GO(2n) induces a homomorphism of the corresponding Chow rings
Proof. We show this by induction on the degree of a. It is enough to prove the lemma for all odd Chern classes i.e. for a = c 2i+1 . By equation (3), 2c 2i+1 = g i (λ, c 1 , . . . , c 2i ), a polynomial in λ and lower degree Chern classes. Now by the induction hypothesis, for each j < i, there is some m j > 0 such that 2 m j c 2j+1 ∈ A. If n j is the greatest index with which c 2j+1 occurs in g i , then s = j n j m j serves the purpose.
We make the following observations as corollaries. 
Proof of the main theorem.
We only have to prove that T R ∩ λR = 0, since ker(q) ⊂ T R ∩ λR.
Step 1. Let λ A denote the multiplication by λ : A → A. In what follows, ker λ will denote the kernel of the multiplication λ : R → R, while ker λ A will denote the kernel of λ A : A → A. We have the following short exact sequences, where the right side maps are multiplications by λ
Indeed, we need only see that the right side map is surjective. But if xλ ∈ T R , then x has to be a torsion element by (d) of Corollary 3.7. Similar reasons apply to the latter sequence.
Step 2. If C denotes the image in A * Γ of the composite R q → A → A * Γ (which we will call π), then we have the following short exact sequence by (f) of Corollary 3.7
Now, C ⊂ A * Γ , so that multiplication by λ is injective on C. Therefore, if x ∈ R such that λx = 0, then π(x) cannot be nonzero in C. Therefore, we get the following two inclusions, of which the latter follows by a similar argument
Step 3. Let T O denote the subgroup of all torsion elements in A *
We will shortly show that this is surjective. As a consequence, we will have a short exact sequence
Again, the surjectivity of the composite T R → T A → T O will imply the surjectivity of T A → T O , which, together with the isomorphism A/λ ∼ → A * O(2n) will give another short exact sequence Step 4. We have these two short exact sequences, which come from Step 1, by the substitutions ker λ = ker λ ∩ T R and ker λ A = ker λ A ∩ T A .
Step 5. Note that both R and A are noetherian rings, and their ideals T R and T A are finitely generated graded ideals. By (a) of 3.7 torsion elements are 2-primary. So there is some N > 0 such that 2 N T R = 0, and 2 N T A = 0. For each m, the graded pieces R m and therefore A m are finitely generated abelian groups. Therefore for each m, the graded pieces (T R ) m and (T A ) m , which are finitely generated abelian group and hence finitely generated Z/2 N Z-modules, are finite sets. As ker λ ⊂ T R and ker λ A ⊂ T A , the sets (ker λ) m and (ker λ A ) m are finite as well. The group T O is actually an F 2 -vector space and, for similar reasons as above, each (T O ) m is a finite set.
Therefore, from the two short exact sequences listed in Step 3, we get hence is a 2-torsion. So γ = 0, as desired. Consequently, from
Step 3 and Step 4 of the proof of the main theorem,
